This paper shows that if G is a simple graph with diameter three then G is up-embeddable unless G is either a /\2-graph (Fig. 1) or a A3-graph ( Fig. 2) with ~(G)=2, i.e., the maximum genus 7~t(G) = (/~(G) -2)/2. (~)
Chen et al. [2] have proved that for a 2-connected simple graph with all its vertices of degree greater than 2, the maximum genus is at least fl(G)/3. In particular, Skoveria [8] has obtained the maximum genus of graphs with diameter two, and proved that if G is a loopless graph of diameter 2 then G is up-embeddahle and if G is a 2-connected graph (with loops allowed) then ~(G)~<4, i.e.,
Ffl(G)/2] -2~<~M(G)~< [fl(G)/2J, and
also computed the value of ~M(G) if the vertex-connectivity of G is 1. Naturally, a question on the maximum genus can be posed for graphs with diameter more than two. In this paper, we prove that if G is a simple graph with diameter three, then G is up-embeddable unless G is either a A2-graph (see Fig. l ) or a A3-graph (see Fig. 2 ) with ~(G)=2, i.e., the maximum genus 7M(G)= (fl(G)-2)/2. The method used here is entirely different from that in [3] . Unlike the diameter, the maximum genus is invariant under homeomorphisms, and thus the results presented above can be obviously extended to graphs homeomorphic to those of diameter three.
In the following, we shall state two complete combinatorial characterizations of the maximum genus of graphs, which are due to Xuong [11] and Nebesky [6] , respectively.
Let T be a spanning tree of a connected graph G. Define the deficiency ~(G, T) of a spanning tree T in a graph G is as the number of components of G\E(T) which have an odd number of edges. The deficiency ¢(G) of the graph G is defined to be the minimum of ¢(G, T) over all spanning tree T of G. Note that ¢(G)= fl(G)(mod 2).
For a subset A C_ E(G), c(G\A) denotes the number of all components of G\A, and b(G\A) denotes the number of components of G\A with odd Betti number.
Theorem A (Xuong [11] ). Let G be a connected graph. Then, (1) G is up-embeddable if and only if ~(G)=0 or 1 according to fl(G)=0 or 1 (mod 2), respectively;
Theorem B (Nebesky [6] ). Let G be a connected graph. Then,
(1) G is up-embeddable if and only if c(G\A) + b(G\A) -2~IAI for any subset
A c_ E(G);
For various details concerning the maximum genus of graphs and the up-embeddability, the reader is referred to [11, 9, 7] .
Let us define a/\2-graph and a /k3-graph as follows. Let FI and F2 be two simple graphs with odd Betti number, where there exists uiE F(Fi) such that for any xiE V(Fi) and Xi~Ui, Xi is adjacent to ui for i= 1,2. Then a /\2-graph is obtained by joining u and v (see Fig. 1 ). Formally speaking, V(A2) = V(F1) U V(F2) and E(/X2) =E(FI ) U E(F2) U {UlU2}.
Let Gl, G2 and G3 be three simple graphs with odd Betti number, where there exist ui, vi E V( Gi ) (possibly ui = vi ) such that for any xi E V( Gi ) and xi # ui, vi, xi is adjacent to ui and vi for i= 1,2,3. Then a /\3-graph is obtained by joining ut and u2, joining vl and U3, and joining v2 and V 3 (see Fig. 2 ). Formally speaking, V(/~3)= U~=I V(Gi) and E(A3) = U~=l E(Gi)U {UlU2, VlU3,V2V3}.
The non-up-embeddability of graphs
In this section we provide a structural characterization on the non-up-embeddable graphs, which essentially exploits Theorem B(1).
We (ii) Assume to the contrary that there exists a component F of G\A such that F is not a vertex-induced subgraph of G. This implies that there exists an edge e = uv ( 
q~ E(F)) E A, where u, v E V(F).
Similarly, there exists an edge f E A connecting F with other one, say H, of G\A. Let A' =A\{e,f}. We see that F U {e, f} U H and all other components of G\A except for F and H are exactly all the components of G\A'. By the property (i), /I(F)= 1 (mod2) and//(H)= 1 (mod2), and thus Thereby, both Cases 1 and 2 complete the proof of (iii). []
The maximum genus of ~M(A2) and ~,M(A3)
In order to obtain our main results, in this section we compute the maximum genus of a A2-graph and a A3-graph. Note that the above lemma is also directly obtained from the result of Skoviera [3] because the diameter d( G) <~ 2.
Lemma 3.1. Let G be a connected simple 9raph. If there exists a vertex u E V(G) such that for any vertex xEV(G) and x¢u, x is adjacent to u, then G is upembeddable.

ProoL Assume that G is not up-embeddable. Then by Lemma 2.1 there exists A C_ E(G)
such
Lemma 3.2. Let G be a simple 9raph with odd Betti number. If there exist u, v E V(G) (possibly u = v) such that for any vertex x E V(G), x ~ u, v, x is adjacent to u and v, then there exists a spannin9 tree T of G such that G\E(T) has a unique odd component which contains u.
Proof. Case 1: When u= v. By Lemma 3.1 G is up-embeddable. Since G is upembeddable and /3(G)= l(mod2), from Theorem A(1) there exists a spanning tree T of G such that G\E(T) has a unique odd component, let it be K. Choose such spanning tree T of G such that [E(K)I is minimum. If K contains u then the required conclusion is immediately obtained. Now suppose that K does not contain u. Thus, there exists an edge e =XIX2 E E(K) such that u ~Xl,X 2. Because u is adjacent to xl and X 2 and because u~ V(K), then uxiEE(T) for i= 1,2. Choose T'=(T\{uxl})U(e} as a spanning tree of G. Now no matter whether K\e is connected or not, we easily get that G\E(T') has a unique odd component K I such that either K' contains u, or 
The main results
In this section, we shall obtain our main results. Now assume that G is a simple connected graph with diameter three, and assume that G is not up-embeddable. Then, by Lemma 2.1 there exists A C_E(G) such that the properties (i)-(iii) of Lemma 2.1 are satisfied. Let N be the set of all components of G\A. By Lemma 2.1 there are the following facts which will be used throughout the proof of our claims below. 
particularly IEG(F,H)I <<. 1 for any two distinct F,H E ~, that is to say, F is either 1-adjacent to or not adjacent to H.
Based on the above Fact 3 that for any two distinct F,H E ~, F is either 1-adjacent to H, or not adjacent to H, we say that N has the 1-adjacency. H3}IY is not adjacent to Hi}. Now we again partition £r into three parts as follows: let ~ = {X E ~IX is 1-adjacent to exactly i elements of//2 and //3} for i = 0, 1,2. Obviously, 1~t=4 + lye] + 1~11-t-t~21-I-1~1. Let E~;~ ~'H~ be all such edge e whose one end vertex is in some one of F1, F2 and F3, and the other end vertex is in some one element of 5f U ~, and let ~zu :,J be all such vertex r such that r is in some one of 5f t2 ~/ and r is incident to an edge of Finally consider the case any X1 E Wl. By the partition of X1, without loss of generality, let X1 be not adjacent to H3 but 1-adjacent to both H1 and//2. Thus any vertex in V(X1 ) is not adjacent to any vertex in V(H3). Similarly, because N has the 1-adjacency then there are at most two vertices Of Xl belonging to ~zu~. Note that Iv(x~)l~>3, and thus there exists at least one vertex of X1 belonging to V(X1 )\V~:rue. Then, for any vertex xl E V(XI)\V~:ue, x~ is nonadjacent to any vertex in V(H~)U V(H2)U V(H3). Analogously consider that da(x~,w)~< 3. We see that any shortest path from x~ to w in G must have the form: Xlrh3w, where rE V(R) for some R E 5fU~\{X1}, and thus rE V~.ue\V(X~). Denote by e(xl)=x~r the first edge along a chosen shortest path from x~ to w in G, and denote by EXl all such edge e(xl), where x~ E V(Xt)\V~-ue¢. Then, Ex, has the following form:
We also know that IEx~ I ~> 1 because I V(X1 )\ Vo~ru ~/I >>-1. By the above forms (1), (2) and (3) By the definitions of a/\2-graph and a A3-graph, we see that the two kinds of graphs are not 3-edge connected with even Betti number, and thus the following corollary is a direct result of the above theorem.
Corollary. Let G be a simple graph with diameter three. If either G is 3-edge connected or fl(G)= 1 (mod2), then G is up-embeddable.
Note that in our results we constrain that G is simple, and thus it is worth further considering the case when multiple edges and loops are allowed.
